
The Arrow-Debreu Model

The basic workhorse of general equilibrium theory is the Arrow-Debreu
model of a static, multi-good, multi-agent economy, initially developed in the
1950’s by Kenneth Arrow and Gerard Debreu.

The model requires that we specify three fundamental objects: the economic
environment, a resource allocation mechanism, and a system of property rights.
For our development of the model, we will be focusing on competitive, private
enterprise economies, in which the resource allocation mechanism is the com-
petitive market, and property rights are such that agents in the economy own
all resources and all factors of production. We begin with a characterization of
the economic environment.

The Economic Environment

The economic environment is described by

1. A set of agents;

2. A commodity space;

3. An economic characterization of each agent in terms of

• A set of admissable actions;

• A binary (preference) relation on the set of admissable actions;

• An initial resource endowment;

• An information system together with a system of beliefs about the
state of the world.

We will consider each of these elements in turn.

Agents and Commodity Space

Following the characterization in Debreu’s Theory of Value, ”A commodity
is a good or service completely specified physically, temporally, a spatially”.
We assume there are ` commodities, indexed by i = 1, ..., `. For the time being,
we distinguish only between physical commodity types, assume that time and
location are fixed. We will revisit how to relax this assumption later. The
space of all possible commodity bundles is then simply R`.

Agents

There are two types of agents in the economy, consumers and producers.
Note that the people in this economy can actually play either or both of these
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roles, at different times. To abstract from this, and to enforce a separation of
what the households in the economy do from what the firms in the economy do,
we model the two roles as if they were separate people. An action of an agent
is simply a point in the commodity space R`.

Producers

There are J < ∞ producers in the economy, indexed by j = 1, ..., J. The as-
sumption that J is finite is not necessary, but simplifies the model considerable.
We note as well that the assumption of perfectly competitive markets requires
that no producer’s (or consumer’s) actions have any affect on the market price.
Mathematically, this requires that the agent have measure zero, relative to the
set of all agents, which means that we need an infinite number of agents. One
”trick” that is frequently applied to justify the competitive markets hypothesis
without the added burden of dealing with an infinite-dimensional economy is to
assume that while there are an infinity (possibly a continuum) of agents, there
are only finitely many economically relevant types of agents. By then working
in per capita terms, we are back in the finite agent setting. You will note
that this is essentially the same ”trick” that we used in examining the extended
example of the Introduction.

Given a producer j ∈ {1, ..., J}, the set of feasible actions for this producer is
denoted by Yj ⊂ R`, where we adopt the convention that for yj ∈ Yj , if yk

j < 0,
then good k is an input to j’s production process, while if yk

j > 0, then good k
is an output of j’s production process. Thus, Yj is j’s production set, and any
vector yj ∈ Yj is the production plan or net supply of j.

Given a set of production plans {y1, ..., yJ} , yk =
∑J

j=1 yk
j is the total pro-

duction of good k, and Y =
∑J

j=1 Yj is the aggregate production set, where

Y =

y ∈ R` | y =
J∑

j=1

yj for yj ∈ Yj , j = 1, ..., J

 .

We illustrate an example of this in Figure 1, which shows the production sets
for two producers. Producer 1 uses good 1 to produce good 2, while producer
2 uses good 2 to produce good 1. The bottom graph shows the aggregate
production set for the two producers together.

Production sets are frequently represented by their boundaries, since these
specify the maximum possible output of the producer for a given level of inputs.
If j’s production function is give by gj : R` → R, the j′s production set is given
by

Yj =
{
y ∈ R` | gj (y) ≤ 0

}
.

If j produces only a single output, we can specify the production function in
the more usual form F : R`−1 → R, where we have netted out j’s use of her
own good as an input.

Standard Assumptions on Production Sets
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P.1 0 ∈ Yj for all j (Possibility of Inaction)
P.2 Y is closed and convex (Continuity and convexity)
P.3 Y ∩ (−Y ) = 0 (No free lunch, irreversibility)
P.4 Y ⊃

(
−R`

+

)
(Free disposal, no externalities)

Comments:

1. P.1 simply states that no producer can be forced to produce if it is in her
interest to simply shutdown.

2. P.2 is a mathematical simplifying assumption which rules out indivisibil-
ities in production (via the continuity assumption), while the convexity
properties will be useful when it comes to showing existence of equilibrium.

3. P.3 reflect the physical reality of the Second Law of Thermodynamics,
since it implies that you can’t produce a perpetual stream of output by
simply reversing the inputs and outputs of a feasible net supply. To see
an example of what is ruled out here, consider Figure 2. The individual
production sets in this figure are such that P.3 is violated. Specifically,
producer 1 can use an input of good 1 to produce an output of good 2
which lets producer 2 (using 1’s output as an input) produce more of good
1 than producer 1 used as an input previously. Continuing this process,
we can produce infinite quantities of both goods starting from any finite
initial resource base.
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4. P.4 says that any bundle of goods can be freely gotten rid of at no cost.
This assumption is innocuous if all the goods are ”goods” in the sense that
someone would willingly take them off our hands for free. If the goods
are ”bads”, though (e.g. garbage, pollution) then this assumption is not
innocuous. Imposing the assumption is equivalent to assuming that there
are no negative externalities in the economy. Equivalently, we require
that all such externalities be internalized. If production or consumption
activity generates garbage, then agents also purchase garbage removal
services.

Consumers

We assume there are a finite number M of consumers indexed by i = 1, ...,M .
As with producers, the assumption that there are finitely many consumers can
be relaxed and is frequently interpreted as representing finitely many types of
consumers, of which there are actually infinitely many (to formally justify the
assumption of competitive markets).

Given a consumer i ∈ {1, ...,M} , i’s set of feasible actions is denoted by
Xi ⊂ R`. We call Xi the consumption set of consumer i, and xi ∈ Xi i’s
consumption plan, or demand. We adopt the usual sign convention whereby if
xk

i is positive, then good k is an input (i.e. a consumption good), while if xk
i is

negative, k is an output (labor, for example). The set X = ×M
i=1Xi is the total

consumption set, and

xk =
M∑
i=1

xk
i

is the total demand or consumption of good k.
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Each consumer has an initial endowment ωi ∈ Xi. Each consumer has a
binary preference relation defined on Xi. A binary relation on the set Xi is
simply a set of ordered pairs, i.e. a subset of Xi ×Xi.

Definition: A binary relation �i⊂ Xi ×Xi is called a preference relation if
it is a complete pre-order (i.e. �iis reflexive, transitive, and complete).

Standard Assumptions on Consumers

We adopt the following (standard) notational convention for vector inequal-
ities: Given vectors xT = [x1, ..., x`] and yT = [y1, ..., y`] we write

• x ≥ y if and only if xi ≥ yi for i = 1, ..., `

• x > y if and only if xi ≥ yi for i = 1, ..., ` and xi > yi for at least one i

• x � y if and only if xi > yi for i = 1, ..., `

C.1 Xi is closed, convex, and bounded from below (i.e. there exists
xi ∈ R` such that ‖xi‖ < ∞ and if xi ∈ Xi then xi > xi).

C.2 There exists x
¯0 ∈ Xi such that x

¯ 0 < ωi (i.e. the endowment is
bounded away from the minimal possible consumption bundle.

C.3 Preferences are continuous: the sets {x | x �i y} and {x | y �i x}
for y ∈ Xi are closed.

C.4 Local non-satiation: ∀x ∈ Xi, ∀ε > 0, ∃ x′ ∈ Xi such that
‖x− x′‖ < ε and x′ �i x. (No thick indifference curves.)

C.4 ′ Non-satiation: @ x ∈ Xi such that ∀x′ ∈ Xi x �i x′.
C.5 Convexity: If x′ �i x, then λx′ + (1− λ) x �i x for all λ ∈ [0, 1] .
C.5 ′ Weak convexity: For every x ∈ Xi, the set {x′ ∈ Xi | x′ �i x} is

convex. (Note that C.5 and C.5 ′ are equivalent if �iis locally non-satiated.)
C.5” Strong convexity: For any x, x′ ∈ Xi such that x ∼ x′, λx′ +

(1− λ) x �i x for all λ ∈ [0, 1] .
C.6 Monotonicity: For any x, x′ ∈ Xi, if x > x′ then x �i x′.
C.6 ′ Strong monotonicity: For any x, x′ ∈ Xi, if x 6= x′ and x ≥ x′,

then x �i x′.

Proposition 1: Let Xi be a connected subset of R`. If �iis a continuous
preference relation, then there exists a continuous utility function ui : Xi → R
which represents �i(i.e. ui (x) ≥ ui (x′) if and only if x �i x′).

Proof: See Debreu, Theory of Value, p. 56.

The economy is given by

ξ =
{

(Xi,�i, ωi)
M
i=1 , (Yj)

J
j=1

}
.
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Definition: An allocation in ξ is a list of vectors [x,y] =
[
(xi)

M
i=1 , (yj)

J
j=1

]
where for each i, xi ∈ Xi and for each j, yj ∈ Yj .

Definition: An allocation is said to be feasible if

M∑
i=1

xi ≤
M∑
i=1

ωi +
J∑

j=1

yj .

If there is no production in the economy (i.e. we are dealing with a pure
exchange environment), then the feasibility condition simply requires that the
aggregate consumption bundle be no larger than the aggregate endowment.
With production in the model, our overall resources available to allocate to
consumption increase by the amounts of the net outputs of each good.

Optimality

Definition: A production plan yj ∈ Yj is said to be efficient if @y′j ∈ Yj

such that y′j ≥ yj .

By way of an example, consider a technology which uses a labor input to
produce a single output. Then yj = (−Lj , xj) . Efficiency then requires that
there is no y′j =

(
−L′j , x

′
j

)
≥ (−Lj , xj) = yj , which holds if and only if L′j ≤ Lj

and x′j ≥ xj with one of the inequalities strict. Thus, efficient production plans
are those which cannot produce at least as much output using no less inputs.

Definition: A feasible allocation [x,y] is said to Pareto dominate the
allocation [x′,y′] if and only if ∀i xi �i x′i, with at least one strict inequality.

Definition: A feasible allocation [x,y] is efficient, or Pareto optimal, if there
is no feasible allocation that Pareto dominates it.

The set of Pareto optimal allocations will be denoted PO (ξ) .

Proposition 2: Let ξ satisfy

1. Xi is connected and compact, for all i = 1, ...,M.

2. Y is compact.

3. �i is continuous for all i = 1, ...,M.

Then PO (ξ) 6= φ.
Proof: By Proposition 1, conditions 1 and 3 imply the existence of a

continuous utility function ui : Xi → R for all i = 1, ...,M which represents �i .
Let w : RM → R be an arbitrary continuous function that is strictly increasing
in each component. An example would be, w (z1, ..., zM ) =

∑M
i=1 αizi for

αi ∈ (0, 1) .
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Consider the problem

max
(x,y)∈F (ξ)

w [u1 (x1) , ..., uM (xM )] . (*)

It is easy to see that if (x̂, ŷ) ∈ F (ξ) solves this problem, then (x̂, ŷ) ∈ PO (ξ) .
Indeed, if this were not the case, then by definition, there would exist a domi-
nating allocation (x′,y′) ∈ F (ξ) . At the dominating allocation, no agent gets
lower utility than they do at (x̂, ŷ) , and at least one agent gets strictly higher
utility. But, since w is strictly increasing in all its arguments, this implies that

w [u1 (x′1) , ..., uM (x′M )] > w [u1 (x̂1) , ..., uM (x̂M )]

which contradicts the assumption that (x̂, ŷ) solves the optimization problem.

To complete the proof, then, it only remains to show that there exists at least
one solution to the optimization problem (*). But this follows immediately
from an application of the Bolzano-Weierstrass theorem which states that a
continuous function on a compact set attains its maximum in that set. Since
we have assumed that all consumption sets are compact, and that the aggregate
production set is compact, it follows that F (ξ) is compact.�

The assumptions in Proposition 2 that consumption and production sets are
compact are generally overly restrictive. If production in some sector exhibits
constant returns to scale, for example, then if y ∈ Yj for some j, then ty ∈ Yj

for any t > 0. In this case, Yj cannot be compact, and neither can Y . Can
we show that PO (ξ) 6= φ without assuming compactness? The answer to this
question is given by the following lemma:

Lemma 2: Assume that ξ satisfies

1. ∀i, Xi is a closed, convex set, bounded from below.

2. ∀j, 0 ∈ Yj .

3. ∀j, Yj is closed and convex.

4. Y ∩ (−Y ) = {0} and Y ⊃
(
−R`

+

)
.

Then F (ξ) is a compact, convex subset of R`(M+J).
Proof: Recall that

F (ξ) =

{
(x,y) ∈ R`(M+J) | ∀i xi ∈ Xi, ∀j yj ∈ Yj ,

and
∑M

i=1 xi ≤
∑M

i=1 ωi +
∑J

j=1 yj

}
.

• F (ξ) is closed. Let (xn,yn) → (x,y) with (xn,yn) ∈ F (ξ) for all n.
Then, by assumptions 1 and 3, xi ∈ Xi for all i, and yj ∈ Yj for all j.
Furthermore, continuity of vector addition implies that

lim
M∑
i=1

xn
i =

M∑
i=1

xi ≤
M∑
i=1

ωi + lim
J∑

j=1

yn
j =

M∑
i=1

ωi +
J∑

j=1

yj

so (x,y) ∈ F (ξ) .
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• Let us now show that F (ξ) is bounded. Suppose it is not. There for
every constant B > 0 there exists an allocation

(
Bx,By

)
∈ F (ξ) with∥∥(

Bx,By
)∥∥ ≥ B. It is convenient here to take the norm to be the sup-

norm, ∥∥(
Bx,By

)∥∥ = sup
i,j,k,l

[∣∣Bxk
i

∣∣ ,
∣∣Byl

j

∣∣] .

Since consumption sets are bounded from below, for every i = 1, ...,M,
there exists ci such that ∀xi ∈ Xi, ci ≤ xi. Hence, for each good k, it
follows that

yk =
J∑

j=1

yk
j =

M∑
i=1

(
xk

i − ωk
i

)
≥

M∑
i=1

(
ci − ωk

i

)
≥ d

where d = min
k

∑M
i=1

(
ci − ωk

i

)
.

Now, if k is an input, 0 ≥ yk ≥ d. Therefore, for B > |d| ,
∣∣yk

∣∣ ≥ B only
if good k is an output.

• Let Bz =
By
‖By‖ . Then

∥∥Bz
∥∥ = 1 and Bz lies in the unit ball of R`. Take a

divergent sequence of B’s and generate the corresponding sequence
{

Bz
}

.
Since the unit ball is compact, this sequence has a convergent subsequence.
Let z be the limit of such a sequence.

• By assumptions 2 and 3, we have 0 ∈ Y and Y is closed and convex.
Hence, for all B, Bz ∈ Y (since Bz lies on the line between 0 and By), and
z ∈ Y. Now, consider the inputs associated with the production sequence.
If good k is an input, we must have∣∣Bzk

∣∣ =

∣∣Byk
∣∣

‖By‖
≤ |d|
‖By‖

≤ |d|
B

.

In the limit, then ∣∣zk
∣∣ = lim

B→∞

∣∣Bzk
∣∣ = 0.

Now, for some output good k (which might depend along the sequence on
B), we have Byk =

∥∥By
∥∥ (from the definition of the sup norm and the

fact that inputs are bounded). Hence, for this k, it follows that Bzk = 1.
In the limit, then, we have z ∈ Y and z has the form

zk =
{

1 for some output
0 otherwise .

But this implies that z ∈ R`
+. By assumption 4,

(
−R`

+

)
⊂ Y, which

implies that R`
+ ⊂ −Y. Hence, z ∈ −Y and z ∈ Y, or z ∈ Y ∩ (−Y ) .

But z 6= 0, which contradicts the irreversibility assumption (assumption
4). Intuitively, we have produced a sequence of technically feasible net
outputs which produce positive output of some good using no inputs. This
violates the ”no-free-lunch” assumption embodied in irreversibility.
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• To complete the proof. we need to show that ∀j, Yj is also bounded. This,
however, follows from assumption 2, since for any yj ∈ Yj , there exists a
y ∈ Y with y = 0+ · · ·+0+yj +0+ · · ·+0. If some Yj were not bounded,
then, it would imply that Y was not bounded, contradicting our previous
conclusion.

• Finally, convexity of F (ξ) follows directly from the convexity assumptions
on consumption and production sets.�

Proposition 3: Let ξ satisfy

1. ∀i, Xi is a closed, convex set, bounded from below.

2. ∀j, 0 ∈ Yj .

3. ∀j, Yj is closed and convex.

4. Y ∩ (−Y ) = {0} and Y ⊃
(
−R`

+

)
.

5. For all i = 1, ...,M , �i is continuous.

Then PO (ξ) 6= φ.
Proof: Combine the proofs of Proposition 2 and Lemma 2.�

The Social Welfare Function

A function w : ×M
i=1Xi → R of the type defined above is usually called a

Bergson-Samuelson social welfare function. We can use the social welfare func-
tion to give a different interpretation of the previous propositions, by focusing
our attention on the utility possibility set of ξ, which we denote V (ξ):

V (ξ) =
{
v ∈ RM | ∃ (x,y) ∈ F (ξ) with vi ≤ ui (xi) for i = 1, ...,M.

}
The Pareto Frontier for the economy is given by ∂V (ξ) (the boundary of V (ξ)).
The following result is easily proved (so we leave the proof to the student).

Lemma 3: If F (ξ) is compact and for all i = 1, ...,M, �iis continuous,
then V (ξ) is a closed subset of RM which is bounded above. In particular, if
V (ξ) ∩ RM

+ 6= φ, then V (ξ) ∩ RM
+ is compact.

Geometrically, the Pareto frontier is simply the image by the mapping

u (x1, ..., xM ) = [u1 (x1) , ..., uM (xM )]

of the set PO (ξ) whenever preferences are representable by utility functions.

Characterizing Pareto optima
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We turn next to the problem of characterizing the efficient allocations ana-
lytically via programming problems.

Proposition 4: Assume that ξ is such that all agents’ preferences can
be represented by utility functions. Let (x∗,y∗) ∈ F (ξ) . Then (x∗,y∗) ∈
PO (ξ) if and only if (x∗,y∗) solves the following programming problems for
i = 1, , , .M.

max
xi

ui (xi) (Mi)

subject to

(x,y) ∈ F (ξ)
uj (xj) = uj

(
x∗j

)
for j 6= i

Proof: Suppose for some i the associated problem Mi was not solved at
(x∗,y∗). Then there would exist an allocation which was feasible, which gave
all agents other than i no less utility, and gave i strictly greater utility. This
contradicts the assumptions that (x∗,y∗) was Pareto optimal.�

One problem with this characterization is that it requires that we solve as
many optimization problems as there are agents in order to characterize the
Pareto optima. Under the most general conditions, this in unavoidable, as the
example illustrated in the Edgeworth box in Figure 3 shows.

In the diagram, agent 1’s preferences are monotonic, but agent 2’s prefer-
ences have a global satiation (”bliss”) point. The contract curve is indicated
in the diagram. Note that at the tangency to the southwest of agent 2’s bliss
point, we would have a solution to problem M2 (with agent 1 getting the utility
associated with the indicated indifference curve). This is obviously not a Pareto
optimal allocation, however, since agent 1’s utility can be increased without de-
creasing agent 2’s utility. Note that if we relax the constraints in the problem
above to inequalities, then we can reduce the problem of characterizing optimal
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allocations to require the solution of only a single maximization problem with
inequality constraints. In this case, the Kuhn-Tucker theorem will provide a
characterization, but the complementary slackness conditions in the characteri-
zation will be equivalent to solving the full set of optimizations for the equality
constraints case.

When preferences are monotonic for all agents, we can characterize PO (ξ)
by solving only one maximization problem.

Proposition 5: Assume that for all i = 1, ...,M �i is strictly monotone
and can be represented by a continuous utility function ui. Let (x∗,y∗) ∈ F (ξ) .
Then (x∗,y∗) ∈ PO (ξ) if and only if for some i, (x∗,y∗) solves the problem
Mi.

Proof: Choose an arbitrary i, say i = 1. If (x∗,y∗) ∈ PO (ξ) then it
satisfies the constraints of M1 and by optimality, it is a solution to M1.

To prove sufficiency, suppose (x∗,y∗) solves M1 but is not Pareto optimal.
Then there exists another allocation (x′,y′) ∈ F (ξ) such that ui (x′i) ≥ ui (x∗i )
for all i = 1, ...,M, and ui (x′i) > ui (x∗i ) for some i. If we have u1 (x′1) > u1 (x∗1) ,
we have a contradiction and are done. So suppose ui (x′i) > ui (x∗i ) for i 6= 1;
for specificity, suppose i = 2. Note that we must also have u1 (x′1) = u1 (x∗1) in
this case.

Since preferences are continuous, ∃ε > 0 such that if x̃2 is defined by x̃k
2 =

max
{
x
¯

k
2 , x′k2 − ε

}
(where x

¯
k
2 is the lower bound on xk

2), then u2 (x̃2) ≥ u2 (x∗2) .
Now, define a new allocation (x̂, ŷ) ∈ F (ξ) by setting x̂2 = x̃2, x̂1 = x′1 +
(x′2 − x̃2) , and x̂i = x′i for i > 2, and ŷj = y′j for all j.

By construction, the allocation (x̂, ŷ) satisfies the constraints of problem
M1, and, if x̃2 > x

¯ 2, then x̂1 > x∗1, so by monotonicity, u1 (x̂1) > u1 (x∗1) ,
contradicting the assumption that (x∗,y∗) solves M1. Finally, to deal with
the possibility that x̃2 = x

¯ 2, note that x̃2 = x
¯ 2 only if x′2 = x

¯ 2, in which
case u2 (x

¯ 2) > u2 (x∗2) while x∗2 ≥ x
¯ 2, which contradicts the strict monotonicity

assumption.�

The Differentiable Case: First-order Characterization of Optimality.

We calculate the first-order conditions for the Pareto problem under the
simplifying assumption that each producer produces only one output using only
primary inputs (i.e. there are no intermediate goods), and that there are many
identical producers of each output good. The latter assumption allows us to
focus on production sectors rather than individual producers. We may also
view each output good as being produced by only one producer when this is
convenient.

Notation

Let yj denote producer j’s (or sector j’s) output, and zj producer j’s vector
of inputs. We will assume that the first N commodities are output goods, while
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the remaining ` − N (numbered beginning with N + 1) are primary factors of
production. Let

ŷT
j =

[
0, ...0, yj , 0, ...,−zT

j

]
denote producer j’s net output vector. Sector j’s production function is given
by

yj = fj (zj) .

Since we are assuming that each sector consists of one large (or many small
but identical) producer(s), it follows that the production function also specifies
aggregate output. Let

f (z1, ..., zN ) = [f1 (z1) , ..., fN (zN )]

and
y = [ŷ1, ..., ŷN ] .

Optimization

With this notation, problem M1 can be written as

max
(xi,yj ,zj)i=1,...M,j=1,...,N

u1 (x1)

subject to ∑
i

ωi +
∑

j

ŷj −
∑

i

xi ≥ 0

ui (xi) ≥ ūi for i > 1
fj (zj) ≥ yj for j = 1, ..., N

The Lagrangian for the problem is

L = u1 (x1) + λT

∑
i

ωi +
∑

j

ŷj −
∑

i

xi

 +

+
∑
i>1

µi [ui (xi)− ūi] +
∑

j

γj [fj (zj)− yj ] .

The first-order conditions associated with the problem are

Du1 = λ

µiDui = λ for i > 1
λj = γj for j = 1, ..., N

λk = γj

∂fj

∂zk
j

for k = N + 1, ..., ` and j = 1, ..., N

Constraints.
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If we partition the vector of multipliers λ to correspond to the output and
input partition of the net output vector, so that λT = [λ1, λ2], the production
first-order conditions can be written

λ2 = λ1jDzfj for j = 1, ..., N.

These first-order conditions in turn imply the following.

1. MRS (r, s)i = MRS (r, s)j for all consumers i, j, where MRS (r, s)i is
consumer i’s pairwise marginal rate of substitution between goods r and
s.

2. MRTS (r, s)i = MRTS (r, s)j for all producers i, j, where MRTS (r, s)i

is producer i’s marginal rate of technical substitution between input goods
r and s.

3. For all output goods,
∂fi

∂zk
i

∂fi

∂z`
i

=

∂fj

∂zk
j

∂fj

∂z`
j

i.e. the marginal rate of transformation of good i for good j (obtained
by varying the input allocation) is the same regardless of which input is
varied.
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